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Procedure Summaries

Relations between the values of the input and output
variables of a given procedure

Abstractions/specifications of the behavior of a
functional unit in the program

Computing summaries is useful for:

e compositional verification
e equivalence checking
e termination proofs

e abstraction refinement
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Computing Summaries

Expensive fixed point computations

Difficult problem in the presence of:

e recursive calls, integer parameters,
local variables, return values

Abstract interpretation methods produce
conservative over-approximations

Precise acceleration methods compute
under-approximations, but usually do not
cope with recursive calls
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Underapproximating Summaries

e For arecursive program P, we compute an
increasing sequence of under-approximations:

[[PIIWc [[PII®c ... < [[P]]

e Each [[P]]1% captures executions of unbounded
length and stack usage

e Each [[P]1]% can be computed by looking at a
hon-recursive program




int P(int x) {
assume(x >= 0);

if (x>0){

x = P(x-1);
X = X+2;

} else {
x = x+10;

}

return X;

}
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Example

int P(int x) {
assume(x >= 0);

if (x>0){
x = P(x-1);
X = X+2;

} else {
x = x+10;

}

X=n
X = n-1

return X;
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int P(int x) {
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Example

int P(int x) { - x = 10+2%n

T

assume(x >= 0); x = 10+2%(n-1)

if (x>0){

x = P(x-1);

X = X+2.;
} else {
x = x+10;

}

return X;

}




Example

int P(int x) { - x = 10+2%n

T

assume(x >= 0); x = 10+2%(n-1)

if (x>0){

x = P(x-1);

X = X+2.;
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Xn-1= Xn-2-1  zZn-1= zp-2-2







void Q(int x,z) {
assume(x >= 0);

while (x > 0) {
x = x-1;
Z=2z-2;

} Xn-1= Xn-2-1  zZn-1= zp-2-2

assume(z=x+10); l l
} xn=0, zn= 10




Example

@requires: z=10+2*x

void Q(int x,z) {
assume(x >= 0);

while (x > 0) {
x = x-1;
Z=2z-2;

}

assume(z=x+10);

}

X0

l

X1 = Xo-1

l

l

Xn-1= Xn-2-1  zZn-1= zp-2-2

l l

Xn:O, In = 10




Example

@requires: z=10+2*x

void Q(int x,z) {
assume(x >= 0);

while (x > 0) {
X = x-1;
Z=2z-2;

} Xn-1= Xn-2-1  Zn1= Zp-2-2

assume(z=x+10); l l
} Xn = O, Zn = 10

The summary of P is the precondition of Q

R——
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Not so fast ...

e Programs may have more complicated recursion
schemes for which this simple idea does not apply

int mc91(int x) {
if (x>=101)
return x-10
else

return mc91(mc91(x+11))

| — S
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Preliminaries




Recursive Programs as CFGs

int P(int x) {
assume(x >= 0);

if (x>0){
x = P(x-1);
X = X+2;

} else {
x = x+10;

}

return X;

}




Recursive Programs as VPGs

Qlini’r RN 1.1 QZ

Q2 -> 12 Q3

Q2 -> 15 Q5

Q3 -> <t3 Q1" 13> Q4
Q4 -> T4

Q5 -> 16 Qe

Q6 -> 17
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Executions as Derivations

QM => 11 Q2
T112 Q3
t1t2 <t3 Q1" 13> Q4
t1t2<t3 Q1™ t3> 14
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tita<tst115 Qs 13> 14
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Executions as Derivations

qi™" T1 Q2
T112 Q3
t1t2 <t3 Q1" 13> Q4
t1t2 <t3 Q1" +3> t4
T1to<t3t1 Q2 13> 14
tita<tst115 Qs 13> 14
T1t2<t3t115t6 Qe T3> T4

Tito<tstitstet7 13> T4
Out of order execution
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Executions as Nested Words

e Each inter-procedurally valid path in the program is a
(nested) word in the language of the VPG

e The semantics of a nested word w is a relation [[w]]

relational composition
>

1 1o <;r3 v 15 t¢ 17 }f3> T4

N local frame

e For a program P to which correspond a VPG G define:

[[P]] = Uwerie) [[wl]
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Index Bounded

Under-approximations




Derivation Index

A derivation of a context free grammar G
Q =>d1 =>d2  =>dp

has index k if each a; has at most k occurrences of
variables (non-terminals)

The language L ®(G) of index k is the set of words
that can be obtained by a derivation of index k




Bounded Index Semantics

For a program P to which corresponds a VPG G define:

[[P11® = { [[W]] | we¥e) }

* [[PIIWc [[P11®® c ... forms an increasing sequence

* [[P1]= Uko[[P]]Wi.e. the limit is the summary of P

- [[P11®is the precondition of a non-recursive program




Bounded Index Semantics

For a program P to which corresponds a VPG G define:

[[P11® = { [[W]] | we¥e) }

* [[PIIWc [[P11®® c ... forms an increasing sequence

* [[P]]= Uwo [[P]]®i.e. the limit is the summary of P

- [[P11®is the precondition of a non-recursive program

We actually compute for each nonterminal Q:

[QN® = { [w]] | Q=0 w }




The generation of Qx

X - local variables of all procedures

(I,0) e [[QTI W IFF (I,0) e [[w]], for some Q =>() w
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The generation of Qx

X - local variables of all procedures

(I,0) e [[QTI W IFF (I,0) e [[w]], for some Q =>() w

IFF query*q(I,0) returns

procedure query<q(Xi, Xo)
var Xy Xk XL ;
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The generation of Qx

procedure query<q(X, Xo)
var Xy Xk X.;

choose production rule Q -> «;




The generation of Qx

the current index

proced lmk@gL Xo)
var Xy, Xk, Xi; the current nonterminal

—

choose production rule Q -> «;




The generation of Qx

(I,0) € [[Q11 W iff (T,0) € [[w]], for some Q =>K) w

1. Q=>1tand (L,0) e [[t]]




The generation of Qx

procedure query<q(X, Xo)
var Xy Xk X.;

choose production rule Q -> «;

case Q -> t : assume [[t]1(Xi, Xo);




The generation of Qx
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2.Q =>® 1Y =5 1y’




The generation of Qx

procedure query<q(X, Xo)
var Xy Xk X.;

choose production rule Q -> «;

caseQ>tVY:

havoc X
assume [[t]1(Xi, X);
queryky(Xy, Xo);




The generation of Qx

procedure query<q(X, Xo)
var Xy Xk X.;

var PC = Q;
choose production rule PC -> «;

caseQ>tVY:

havoc Xy;
assume [[t]1(Xi, X);

Xi= Xy; PC =Y;




The generation of Qx

procedure query<q(X, Xo)
var Xy Xk X.;

var PC = Q;
choose production rule PC -> «;

caseQ>tVY:

havoc Xy;
assume [[t]1(Xi, X);

Xi= Xy; PC =Y;




The generation of Qx

(I,0) € [[Q11 W iff (T,0) € [[w]], for some Q =>K) w

3.=>W (Yt Z =>Ky

Y => k-1 ' or
Q

Z => K w" /\

T Y L

JAVA

JwKL WO
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The generation of Qx

(I,0) € [[Q11 W iff (T,0) € [[w]], for some Q =>K) w

3.=>W (Yt Z =>Ky

Y => k-1 ' or Y => K w'
Q

7 => K w" /\ 7 => (k1) \\"

I <'|'y ™




The generation of Qx

procedure guery<q(Xi, Xo)
var Xy Xk X.;

choose production rule Q -> «;

case Q> <tY t> Z:
havoc Xy Xk Xi;
assume [[<t]](Xi. Xy);
assume [[t>]](Xk XL);
assume P+(X; XL);
query<y(Xy, Xk);
query“z(X., Xo);
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The generation of Qx

procedure guery<q(Xi, Xo)
var Xy Xk X.;

choose production rule Q -> «;

case Q> <tY t> Z: Q

havoc Xy Xk Xi: PN

T Y % L

assume [[<t]](Xi, Xu);
assume [[t>]]1(Xk XL); /\ /\
assume P+(X; X0); ‘ i

queryk-‘IZ(XL, XO), J v KL w O
query“v(Xy, Xk);




The generation of Qx

procedure guery<q(Xi, Xo)
var Xy Xk X.;

var PC = Q;
choose production rule PC -> «;

case Q> <tY t> Z: Q

havoc Xy Xk Xi: PN

T Y % L

assume [[<t]](Xi, Xu);
assume [[t>]]1(Xk XL); /\ /\
assume P+(X; X0); ‘ i

queryk-‘IZ(XL, XO), J v KL w O
Xi= Xy; Xo=Xk; PC =Y;




The generation of Qx

procedure guery<q(Xi, Xo)
var Xy Xk X.;

var PC = Q;
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A Completness Result




Bounded Languages

e Alanguage L cX’ is said to be bounded iff exists
words wi, wz, ... wneZ such thatL € wiwz2 ... wn

*

e A recursive program P is said to be bounded iff L(G)
is bounded, where G is its corresponding VPG

e A bounded non-recursive program is said to be flat




Periodic Relations

e The transitive closure of a relation is Presburger
definable for the following periodic relations:

e octagonal relations: /\ +x +y < ¢, ceZ

e affine relations x' = Ax + b, where AcZ™" beZ"
and the set of powers of A is finite

e A program is said to be periodic iff all its
statements are definable by periodic relations
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Bounded Periodic Programs

P is bounded => [[P]] = [[P1]™ for n <= #locations in P
P is bounded => Qx is flat for all k>0

P is periodic => the precondition of Qxis Presburger
definable and can be computed using acceleration

Bounded index under-approximation terminates with
precise result for bounded periodic programs

Available tools based on acceleration: FAST, FLATA
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Experimental Results




Experimental Results

Program

Time(s)

~

times Two

0.7

leq

0.7

parity

0.8

plus

3.4

McCarthy.=2

3.7

McCarthy.=g

45.1

McCarthyp=12

5.7

McCarthyp=13

19. 1

McCarthyp=14

24.2

WIWIWI|IAIWININDINDIN

int MC_a(int x) {
if (x >=101)
return x-10
else
return (mc_a)%(x+10a-9)

int MC_b(int x) {
if (x>=101)
return x-10
else

return (mc_b)?(x+b)




Conclusions

Under-approximation based on limiting the index of
the derivations that produce execution traces

The summary of a recursive program can be
successively under-approximated by a sequence of
non-recursive programs, capturing possibly infinite
behaviors

Complete method for bounded periodic programs

Implementation and experimental results

32



