Regular, Star Free and Aperiodic Languages



Regular Languages

Let X be an alphabet, and X,Y C »*

XY = {zy|reXandyeY}
X* = A{z1...2n | n>0, 21,...,2, € X}

The class of reqular languages R(X) is the smallest class of languages
L C X>* such that:

e e R(Y)
e {a} e R(X), forall a € X
o if X,Y € R(X) then X UY, XY, X* € R(X)



Regular, rational and recognizable languages

Theorem 1 (Kleene) A set of finite words is recognizable if and only if

it 1S reqular.

Proof in every textbook.

Rational = regular, in older books e.g.

Samuel Eilenberg. Automata, Languages and Machines. Academic Press, 1974



w-Regular Languages

It X C¥*and Y C ¥

XY = {ay|lzxeX, yeY}ed”
X“ = Axox1... | ®o,21,... € X \ {€}}
X* = X"uUuX®
The class of w-reqular languages R°° () is the smallest class of languages
L C X:°° such that:
e ) € R®(X) and {a} € R™(X), for all a € X
o if XY € R®(X) then X UY € R*®(X)
o foreach X C¥X*and Y C X, if X|Y € R*®(X) then XY € R>*(X)
e for each X C ¥* if X € R°(X) then X*, X“ € R®(X)



w-Regular Languages

Theorem 2 A language L C X% is w-reqular if and only if

L= O XY
1=1

for some X;,Y; € R(Y).

c = {{Jxiv¥ In>0, X;.Y; e R(%)}
1=1
E = {XeX | XnY¥eR(X), XNX¥ e}

We prove that R>*(X) C £



Star Free Languages

The class of star-free languages is the smallest class SF'(X) of languages
L € X>* such that:

e ).{e} € SF(X) and {a} € SF(X) for all a € &
e if XY € SF(X) then XUY, XY, X € SF(X)

Example 1
o X* = () is star-free

o if BC X, then ¥*BY* = |Jycp XF0X" is star-free

o if BCYX, then B* = X*BY* is star-free

o if ¥ ={a,b}, then (ab)* = bX* U X*a U X*aaX* U X*bbX* is star-free



Star Free w-Languages

The class of star-free w-languages is the smallest class SF*°(X) of

languages L € X* such that:
e ). {a} € SF>®(X), a € X
o if XY € SF>®(X) then XUY, X € SF®(X)
o if X CY* X eSF(X), Y e SF*X) then XY € SF*(X)

Example 2
o if B C X, then X*BX" 1is star-free

o if X ={a,b}, then (ab)¥ = bX¥ U X*aad® U X*bbXw is star-free



Aperiodic Languages

Definition 1 A language L C X* is said to be aperiodic iff:
Ing¥n > noVu,v,t € X¥ . ww™ € L <— w"Tte L

no 1S called the index of L.

Example 3 0*1* is aperiodic. Let ng = 2. We have three cases:
1. u,v € 0" andt € 0°1* :

Vn >ng . uwvt € L

2. ue0*,ve0*l* andt € 17 :
Vn>ng . uv'teg L

3. ue01",vel”andt e l1* :

Vn > ng . uwvt € L



Periodic Languages

Conversely, a language L C »* is said to be periodic iff:

VYnoIn > ngJu,v,t € X* . (uv™t € LAuwv" ™t € L)V (uv™t € LAun™ 't & L)

Example 4 (00)*1 is periodic.

Given ng take the next even number n > ng, u=¢, v =0 andt =1. Then
wv™ € (00)*1 and uv™ Tt & (00)*1. O

Exercise 1 Is the language (ab)* periodic or aperiodic ?



Aperiodic Monoids

Definition 2 A monoid M 1is said to be aperiodic iff
Ing¥n > noVae € M . 2™ = 2"

no s called the index of M.

Proposition 1 A language L C X* is aperiodic iff its syntactic monoid is

aperiodic.

“=7 Let X € E*:L be an equivalence class of the syntactic monoid of L.

If we X, then u™ € X" for all n > 0. Since L is aperiodic, there exists ng
such that u” ~; «”*! for all n > ng, hence X™ = X" t1.

The other direction is similar.
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Star Free Languages are FOL-definable

We prove that for each L C ¥* L € SF(X) there exists an FOL sentence
@1, such that:
L={ueS |uk o)

By induction on the structure of L:
D={ueX* |ukE L1} {a} ={u e X* | u E=p.(0) Alen(1)}
XUY={ueX*|uEwpx Voey} X={ueX|ukEpx}

XY =3dy32z . 0 <y < zApx(0,y) ANoy(y,z) Alen(z)
where:
e p(i,j)isaformulast. VO<i<j<|ul.ulFEe(l,j) <= u(i,j) =

o len(x)=Vy . s(y) <=z



FOL-definable Languages are Aperiodic

Let o(x1,...,xy,) be an FOL formula. We denote

LY ={ueX |uk (... i)}

11 yeen,s

We prove that, for all u,v,t € X%, 11,...,1, € N,

uv''t € Lfl . = w1t e Lf; y
sec i 19 9%n
where, for all 1 < k£ < n:
°o 7/ = 9y, if 7, < \u\—l—n "U‘
k ) =
o i =i+ |v|, if i > |u| +n - |v]
By induction on the structure of ¢:

e the cases r1 = x9 and x1 < 9 are immediate

o uv™ = pu(i) : if i < |u| 4+ n-|v| then (v 1t); = (uv™t); = a; if
i > |ul +n - [v] then (wv™ )4, = (Wt); = a



FOL-definable Languages are Aperiodic

For all uw,v,t € X*, i1,...,1, € N,
uv"'t € LZ,...,z’n — w" e LZ,---,%
where, for all 1 < k£ < n:
o iy =iy, if i, <|ul+n-|v|
o i =i+ |v|, if i > |Ju|+n - |v]
By induction on the structure of ¢:

e 1 /A s : is immediate

+1 v
o —p: uv't ngl, P uv™ t%L% i
o du (x (L) s wv™t e L7 0 = w"t e L] .~ for some
1 - P, - nj) - 19,.. 11,02,.-ln
i1 € N. By the induction hypothesm w1t e LY i “hence

11,22,

w1t € Lax1 ZSO The other direction is symmetric.
19,..



Schutzenberger’s Theorem

Theorem 3 For any recognizable L C X*, L s star-free iff L 1s aperiodic.

“=" Prove the existence of an integer N (L) such that
Vn > N(L) VuVovt . wo™ € L < w" 't e L

Suppose v # €. By induction on the structure of L:
e ): N() =0, since Vn >0 . uv™t € L
e {a},aeX: N({a}) =2, since Vn > 2 . uv™t ¢ L
e X : N(X)= N(X), trivial
e XUY : N(XUY)=max{N(X),N(Y)}, trivial

e XY : N XY)=N(X)+ N(Y)+ 1, since for all
n=mn;+nes+1>N(X)+ N(Y)+ 1, we have either ny > N(X) or
no > N(Y). Then uv™t = (uv™r)(sv™t), where rs = v and
w™r € X, sv™teY. If ng > N(X), vy € X = w" ™t ¢ XY



Schutzenberger’s Theorem

“<” Let ¢ : X* — M be a monoid morphism, for an aperiodic monoid M.

If L is recognizable, then there exists a finite subset P C M such that

L=¢ ' (P)= | ¢ '(m)

We show that ¢~ !(m) is star-free, for each m € M.



The Simplification Rule

Lemma 1 Let M be an aperiodic monoid and let p,q,v € M. If pgr = q,
then pq = q = qr.

Let N be the index of M.

If pgr = g then p™qr™ = q, for all n > 0.

If n > N then p"tlgr™® = p"q¢r" = q.

Hence p(p"qr™) = pq = q. The proof of ¢ = gr is similar. O



Examples of using SR

Let M be an aperiodic monoid and m € M.

Example 5 If M = mM then 1 =m - x, for some x € M.

1 = m-zx
= m-1-x

=" m-1 = m
Example 6 If M = MmM then1=x-m -y, for some x,y € M.

1 = N ORNT

(x-m)-1-

= (x m)lzx-m
z )
1-



Ideals

Let M be a monoid.

A set R C M is a right ideal of M iff:

RM =R <= Vre RVxe M .rx € R

A set L C M is a left ideal of M iff:

ML=L <= VYlelLVxe M .xlelL

A set I C M is a ideal of M iff:

MIM =1 <= Ve,ye MViel . xiyel



Green Relations

Let M be a monoid and a,b € M. Then we define

CLSRb
a <, b

aR b
a Ll b
alb

11

aM C bM
Ma C Mb

aM = bM
Ma = Mb
MaM = MbM



Example

1M =M M1=M MIM = M
0M = {0} MO = {0} MOM = {0}
ABM = AM = {A,AB,0} = MBA= MA={A, BA,0}
BAM = BM = {B,BA,0} = MAB = MB = {B, AB,0}
MAM = MBM = MABM = MBAM = {A, BA, AB,0}



A Consequence

Lemma 2 Let M be an aperiodic monoid and let a,b € M such that
all b. Then we have:

e a <rpb = aRD

e a<,b = alLlb

MaM = MbM = b= uav, for some u,v € M

aM C bM = a = bp, for some p € M

b = uav = ubpv (58) bpv

bM = bpvM C bpM = aM, hence aM = bM. O



Decomposition in Ideals

Lemma 3 Let M be an aperiodic monoid and let p,q,v € M. Then
{q} = (@M N Mq)\ Jy, with J,={se M | q& MsM}.

q € (gM N Mq)\ J, is trivial.

se(@MnNMqg)\J;, = Ip,reM .pqg=qr=:s

s¢J, = g€ MsM = Ju,ve M . usv=gq

g = usv = u(pg)v = (up)g(v) "= (up)q = u(pg) = us



Example

AM = {A, AB,0}
MA = {A, BA,0}
Jg = {0}

(A} = (AMNMA)\ Jy



Schiitzenberger’s Theorem (Base Case)

We prove ¢~ 1(m) is star-free by induction on r(m) = |[M \ MmM |

The base case 7(m) = 0. Then M = MmM, hence m =1 (SR).

We show ¢ 1(1) = {a € 2 | p(a) = 1})*:

plua) = 1
p(u)lp(a) = 1

1p(a) = 1(SR)

pla) = 1

B* = ¥*BY*, for any B C ¥ is star-free.



Schiitzenberger’s Theorem (Induction Step)

We show that
e (m) = (US*NIZ*V)\ (T*OZ* U S*WE¥)
where

U 14 1 n)ad’ V= U(a,n)EF E*agp‘l(n)
(n,a)eE

C={acs|m¢gMp@M} W=y pee S ap (n)be"
with

E = {(n,a) e M x% | npla) Rm, n&mM}
F = {(a,n)eXxM|pla)n Lm, ng Mm)}
G = {(a,n,b) e xMx¥X|meée(Mpla)nM N Mnp(b)M) \ My(a)np(b)M}

Then it is enough to show that U, V,C and W are star-free languages.



o '(m) C L (1)

W.l.o.g. suppose m # 1. Let u € ¢~ (m) and show u € UX*, where

U = U o ' (n)ax*
(n,a)eE

E = {(n,a) e M x% | npla) Rm, n&mM}

Let p be the shortest prefix of u such that ¢(p) R m.
If p=€ethen1 R m = m =1. Hence p# ¢, and let p = ra, a € X.

Let n = ¢(r). We have np(a) R m and not n R m (choice of p), hence
(n,a) € F = u € UX*. Symmetric argument for u € X*V.



o '(m) C L (2)

Let v € ¢~ (m) and show u € X*CX*, where

C={aeX|mé&Mpla)M}

Suppose u € X*CY*, then p(u) =m € My(a)M, for some a € C,
contradiction.
We show u & Z*WE*, where W =, . p)ec Y*ap~t(n)bX* and

G ={(a,n,b) € ExMx¥|me (Mp(a)nM N Mnp(b)M) \ My(a)ne(b)M }

If u € Y*ap~!(n)bX* for some (a,n,b) € G then
o(u) =m € My(a)np(b)M, contradiction.



LC ¢ t(m)

Let u e L =UX*NYX*V)\ (X*CE*UX*WX*) and s = ¢(u).

u€ UX" =Upmaer 0 1(n)aX* = s & npla)M for some
(n,a) € E = ny(a) R m, hence s € mM. Symmetrically, s € Mm.

(s} = {m} "L (mM A Mm)\ J,, <« s¢J, < me MsM
Let f be the smallest factor of u s.t. m & Mp(f)M.

o f=¢ = m & M, contradiction.

o f=a€eX = ac(C = ueX*CX*, contradiction.

e f=uagb, a,be ¥ and let n = ¢(g) and p(f) = p(a)np(b). Then m €
Mp(a)nM N Mnp(b)M = (a,n,b) e G = feW =ueX*WX*,

contradiction.

We conclude that m € Mp(u)M = MsM.



Schiitzenberger’s Theorem (Induction Step)

0~ t(m) is star-free for each r(m) < n = ¢~ (m) is star-free for r(m) = n

Since o 1(m) = (UXZ* NT*V) \ (Z*CT* U T*WX*), it is enough to show
that U,V and W are star-free (X*CX* is trivially star-free)

U =Uparer ¢~ (n)as*, E = {(n,a) € M x X | np(a) R m, n & mM}

(n,a) € E = np(a) R m= Mnp(a)M = MmM C MnM = r(n) <r(m)

m<pn

Suppose r(n) = r(m) <= nZ m =% n R m, contradiction. Hence
o

r(n) < r(m) = ¢ 1(n) is star-free = U is star-free. Symmetric for V.



Schiitzenberger’s Theorem (Induction Step)

W = U(a,n,b)EG E*a@_l(n)bz*
G ={(a,n,b) € ExM x> |m e (Mp(a)nMNMnep(b)M)\Mp(a)np(b) M }

(a,n,b) € G=m e (Mp(a)nM N Mnp(b)M) \ Mp(a)np(b)M)
m € Mop(a)nM C MnM = r(n) < r(m)

Suppose r(n)

r(m) = MnM = MmM = n &€ MmM. Since
m € Mnp(b)M, w

e have n € Mnp(b)M = n = unp(b)v = np(b)v

m € My(a)nM = m = xp(a)ny = xp(a)np(b)vy, contradiction with
m & M(a)np(b) M

Hence r(n) < r(m) = W is star-free. O



Example

IM=M M1=M MIM =M
0M = {0} MO = {0} MOM = {0}
ABM = AM = {A,AB,0}  MBA=MA={A, BA,0}
BAM = BM ={B,BA,0} MAB = MB ={B,AB,0}
MAM = MBM = MABM = MBAM = {A, BA, AB,0}
Let us compute ¢ 1 (AB):
1AR AB, 1¢ ABM = FE={(1,a)} = UX*=aX*
Bl1LAB, 1¢ MAB = F={(0b,1)} = XV =%
AB ¢ M(A1A)M = M(BIB)M = G ={(a,1,a),(b,1,b)}
= YWY =¥ aaX" U X bbYX"
0 1(AB) = (ab)* = (aX* N X*b) \ (Z*aaX* U T*bbX*)




Equivalence of Star Free, Aperiodic and FOL-definable Languages
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