Buchi Automata



Definition of Buchi Automata

Let % = {a,b,...} be a finite alphabet.

By > we denote the set of all infinite words over X..

A non-deterministic Biichi automaton (NBA) over X is a tuple
A=(S,I1,T, F), where:

e S is a finite set of states,
e /] C S is a set of initial states,

e I'C S x> x §isa transition relation,

o ['C Sis asetof final states.



Acceptance Condition

A run of a Buichi automaton is defined over an infinite word w : ajas . ..

as an infinite sequence of states m : spsisa ... such that:
e sp €1 and

° (Si,()éz'_|_1,87;+1) S for all 2 € N.

inf(7) = {s | s appears infinitely often on 7}

Run 7 of A is said to be accepting iff inf(7) N F £ ().



Examples

Let ¥ = {0,1}. Define Biichi automata for the following languages:
1. L ={a € X¥ |0 occurs in « exactly once}

2. L ={a € X | after each 0 in « there is 1}

3. L ={a € X | a contains finitely many 1’s}
4. L = (01)"x¥

5. L ={a € X¥ | 0 occurs on all even positions in a}



Closure Properties

Closure under union and projection are like in the finite automata case.

Intersection is a bit special.

Complementation of non-deterministic Biichi automata is a complex

result.

Deterministic Buchi automata are not closed under complement.



Closure under Intersection

Let A = <Sl,]1,T1,F1> and Ay = <SQ,]2,T2,F2>

Build An = (S,I,T, F):
e 5=051 X959 X {1,2,3},
[ ]:]1><]2><{1},

e the definition of T' is the following:

— ((s1,81,1),a,(s2,85,1)) € T iff (s4,a,s;) € T;, i =1,2 and s1 € F}
— ((s1,81,1),a,(s2,s5,2)) € T iff (s;,a,s,) € T;,i=1,2 and s1 € F}
— ((s1,$1,2),a,(s2,s5,2)) € T iff (sj,a,s,) € T;,i=1,2 and s| & F3
— ((s1,$1,2),a,(s2,s5,3)) € T iff (sj,a,s,) € T;,i=1,2 and s} € F;
— ((s1,57,3),a,(s2,s5,1)) € T iff (s4,a,s;) € T;,i=1,2

o =51 x 59 x {3}



The Emptiness Problem

Theorem 1 Given a Biichi automaton A, L(A) # () iff there exist
u,v € X5, |ul, |v] < |A|, such that uv* € L(A).

In practical terms, A is non-empty iff there exists a state s which is

reachable both from an initial state and from itself.

Q: Is the membership problem decidable for Biichi automata?



Complementation of Biuichi Automata



Congruences

Definition 1 An equivalence relation R C X* x X* is said to be a

left-congruence ff for all u,v,w € X* we have u = v = wu = wv.

Definition 2 An equivalence relation R C X* x X* is said to be a

right-congruence ff for all u,v,w € X* we have u R v = uw R vw.

Definition 3 An equivalence relation R C X* x X* is said to be a

congruence iff it 1s both a left- and a right-congruence.

Ex: the Myhill-Nerode equivalence ~7, is a right-congruence.



Congruences

Let A= (S,I,T,F) be a Biichi automaton and s,s" € S.

w

Wsg ={weX*|s—s'}

F

For s,s' € S and w € ¥*, we denote s —% s iff s = s’ visiting a state

from F..
Wfslz{wEZ*\seis’}
For any two words u,v € ¥* we have v = v iff for all s,s’ € S we have:
e s > s <« s 4, and

F

¢ s =l s — 514

The relation = is a congruence of finite index on X*



Congruences

Let |w]~ denote the equivalence class of w € ¥* w.r.t. =.

Lemma 1 For any w € X*, |w|~ is the intersection of all sets of the form
W o, WSFS,, W o, Wfs,, containing w.

To= () Wewn () Win Ween () WE,
we

F
weW, o wEW&S, W o WEWfS/

We show that [w]~ = T,,.

“C” If u = w then clearly u € T5,.



Congruences

“D” Let u € T,

. w u
o if s —— s, then w e W. .., hence u € W. .. then s — s’ as well.
9 s,8" s s,8" s

o if s /5 s, then w € W s, hence u € Wy o, then s £ .

Also,

F

o if s =I5 then w e WX, hence u € Wt ,, then s =L s’ as well.

ss’ ss’

o if s A1 s then w € WSFS,, hence u € WSFS,, then s AL

Then v =2 w.

This lemma gives us a way to compute the =-equivalence classes.



Outline of the proof

We prove that:
L(A) = ) vwe
VIWeNL(A)£D

where V, W are =-equivalence classes

Then we have
S9N\ L(A) = ) vwe
VIWenL(A)=0

Finally we obtain an algorithm for complementation of Biichi automata



Saturation

Definition 4 A congruence relation R C X* x X* saturates an
w-language L iff for all R-equivalence classes V- and W, if VIWW*Y N L # 0
then VW« C L.

Lemma 2 The congruence relation = saturates L(A).



Every word belongs to some VIW/¢

Let o € X% be an infinite word for the rest of this section.

By a(n,m), we denote a(n)a(n+1)...a(m—1), n < m.
We will build two =-equivalence classes V and W such that a € V - W¥

Together with the saturation lemma, this proves

L(A) = ) vwe
VIWeNL(A)AD



Merging of positions

Definition 5 Two positions k, k' € N are said to merge at m, m > k and
m > k' iff a(k,m) = a(k’,m). We say that k and k" are = -equivalent,
denoted k =, k' iff they merge at m, for some m >k, k’.

If kK and k' merge at m then they also merge at m/, for all m’ > m.

Y

k=, k' (m) is an equivalence relation on N of finite index.



Merging of positions

There exists infinitely many positions 0 < kg < k1 < ..., all =2,-equivalent.

Consider the sequence a(kg, k1), a(ko, k2), a(ko, k3) . ..

There exist a(ko, ki, ), a(ko, ki, ), a(ko, ki, ) - .. all Z-equivalent

There exist kj,, kj,, kj,, ... such that for all i < j k; =, k;(kjt1)

There exists infinitely many positions 0 < ky < k1 < ko < ... such that
1. Ck(k(), kz) = Oz(ko, kj) for all 7,7 € N

2. kz ga kj(kj—l—l) for all 2 S j



Defining V and W

Let V = [a(0, ko)l and W = [a(kg, k1)]~

By (1) Ck(ko,kl) = Oz(ko, kz) for all 2 > 0O

By (2) a(ko,ki_H) = Oz(ki,ki_H), for all 2 > 0

By (1) Ck(k(), kz) = Oz(ko, ki—H) for all 2 > 0O

Hence a(kg, k1) = a(k;, ki+1), for all i > 0.

Theretore o € V - WY



Complementation of Biichi Automata

Theorem 2 For any Bichi automaton A there exists a Buchi automaton

A such that L(A) = X%\ L(A).

L(A) = ) vwe
VIWeNL(A)AD

where V, W are =-equivalence classes

S9N\ L(A) = ) vwe
VIWenL(A)=0



An Application of Ramsey Theorem for Infinite Graphs

Theorem 3 (Wikipedia) Let X be some countably infinite set and
colour the subsets of X of size n in c different colours. Then there exists
some infinite subset M of X such that the size n subsets of M all have the

same colour.

Let X = (N,{(¢,4) | 1 < j}) (n =2). We define the coloring i W, it
aft,j) e W.

Then there exists an infinite subset M = {ko < k1 < ...} C N and a

=-equivalence class W such that £; LA k; for all © < 7 € N.

We obtain that a(k;, k;11), for all ¢ € N.



Deterministic Buchi Automata

w-languages recognized by NBA D w-languages recognized by DBA
Let W C $*. Define W = {a e ¥¥ | a(0,n) € W for infinitely many n}

Theorem 4 A language L C X% 1s recognizable by a deterministic Buichi

ﬁ
automaton iff there exists a rational language W C X* such that L = W

If L =L(A) then W = L(A’) where A’ is the DFA with the same

definition as A, and with the finite acceptance condition.



Deterministic Buchi Automata

Theorem 5 There exists a Bichi recognizable language that can be

recognized by no deterministic Buchi automaton.

Y ={a,b} and L ={a € X¥ | #4(a) < oo} = Z*D¥.
—

Suppose L = W for some W C X%,

b’el=b1ecW

b"ab” € L = b™ab™? ¢ W

H
b ab™a ... € W = L, contradiction.



Deterministic Biichi Automata are not closed under complement

Theorem 6 There exists a DBA A such that no DBA recognizes the
language 3%\ L(A).

Y ={a,b} and L ={a € X¥ | #4(a) < oo} = Z*D¥.
Let V = ¥*a. There exists a DFA A such that L(A) = V.
There exists a deterministic Biichi automaton B such that £L(A) = %

But 3¢\ V = L which cannot be recognized by any DBA.



Buchi Automata and S1S

Let % = {a,b,...} be a finite alphabet.

Any finite word w € ¥* induces the infinite sets p, = {p | w(p) = a}.
e v <y : xisless than v,
e S(x) =1y : y is the successor of z,

e p.(x) : a occurs at position x in w

Remember that < and S can be defined one from another.



Problem Statement

Let L(p) ={w | my F ¢}

A language L C X* is said to be S1S-definable iff there exists a S1S
formula ¢ such that L = L(¢p).

1. Given a Biichi automaton A build an S1S formula ¢4 such that
L(A) = L(¢)

2. Given an S1S formula ¢ build a Biichi automaton A, such that
L(A) = L(p)

The Biichi recognizable and S1S-definable languages coincide



From Automata to Formulae

Let A= (S,I,T,F) with S = {s1,...,5p}, and ¥ = {0,1}™.
Build ® 4(X1,...,X,,) such that Vw € ¥* . w € L(A) < w = Py

(I)A(Xl, e ,Xm) =4dY7... HY}) : (I)S(Y) A (I)[(Y) A (I)T(Y,X) A (I)F(Y)

Pr(Y)=Vady .2 <yAzxF#yA \/ Yi(y)
s, €F



Consequences

Theorem 7 A language L C X% is definable in S1S iff it 1s Biuchi

recognizable.

Corollary 1 The SAT problem for S1S5 s decidable.

Lemma 3 Any S1S formula ¢(X1,...,Xn) is equivalent to an S18
Jormula of the form 3Y7...3Y, . ¢, where ¢ does not contain other set
vartables than Xi,..., Xy, Y1,...,Y,.



Muller and Rabin Word Automata



Miller Automata

Let % = {a,b,...} be a finite alphabet.

Definition 6 A Miiller automaton over ¥ is A = (S, so, T, F), where:
e S is the finite set of states
e sy €S is the initial state
e 7T:5 x X+ S is the transition table

o F C 2° is the set of accepting sets

Notice that Miller automata are deterministic and complete by definition.



Acceptance Condition

A run of a Miuller automaton is defined over an infinite word w : ajas . ..

as an infinite sequence of states @ : spsiss ... such that:

o T'(s;,jy1) = S;+1, for all 7 € N.

Let inf(7) = {s | s appears infinitely often on m}.

Run 7 of A is said to be accepting iff inf(7w) € F.

L C 3% is Muller-recognizable iff there exists a MA A such that L = L(A).



Deterministic Buchi C Muller

Theorem 8 For each deterministic Buchi automaton A there exists a
Muiller automaton B such that L(A) = L(B)

Let A= (5,{so}, T, F) be a deterministic Biichi automaton.

Define B = (S, 50, T,{G € 2° | GNF # (})



Closure Properties

Theorem 9 The class of Muller-recognizable languages s closed under

union, intersection and complement.

Let A = (S, sg,T,F) be a Miiller automaton.
Define B = (S, 59, T,2° \ F).

We have L(B) = X“ \ L(A).



Closure Properties

Let A; = (Si, 504,13, Fi), ¢ = 1,2 be Miiller automata.

Define B = (S, so, T, F) where:
o S = Sl X SQ,

® 50 = (50,1,50,2),
o T((s1,82),a) = (T(s1,a),T(s2,0a))
o F={{(s1,87), -, (Sk,sp)} | {s1,-..,86r € Fror{s),...,s.} € Fa}

We have L(B) = L(A1) U L(As).

For intersection it is enough to set

F={{{s1:81)-- (st 50)} | {51, 50} € Frand {8, st} € Fo)



Characterization of Miiller-recognizable languages

A language L C >* is Miiller-recognizable iff L is a Boolean combination
of sets W, W C £, ie. L=, (mj Wi 0 (29 vﬁ))

—
“<” Any set W;; is recognized by a deterministic Biichi automaton, hence

also by a Muller automaton.

“=" Let A= (S,sp,T,F) be a Miiller automaton recognizing L.

Let A, = (S,s0,1,{q}), ¢ €S, and W, = L(A4,).

L =Uger (ﬂqu W—/; n ﬂqu\Q(E” \ ‘7‘1))



Exercise

Let ¥ = {a,b} and A = (S, s, T, F), where:
o S ={s0,51},
o T'(sg,a) = sg, T(s09,b) = s1, T(s1,a) = sg and T'(s1,b) = s1,

o F = 1{50,51};
What is £(A)? What if A was Biichi with F' = {s¢, s1}7



Rabin Word Automata

Let % = {a,b,...} be a finite alphabet.

Definition 7 A Rabin automaton over % is A = (S, sg, T, )), where:
e S is the finite set of states
e sy €S is the initial state
e 7':5 x> +— S is the transition table

o O={(Ny,P1),...,(Ng, P:)} is the set of accepting pairs, N;, P, C S.

Run 7 of A is said to be accepting ift
inf(7) N N; =0 and inf(7) N P; #£ ()

for some 1 < ¢ < k.



The Streett acceptance condition

The Rabin acceptance condition is of the form:

\/ inf(m)NN;=0 A inf(m) NP #0

1<i<k

The Streett acceptance condition is the negation:

/\ inf(m) NN; 20 — inf(m) N P; # )

1<i<k



From Rabin to Muller

Given a Rabin automaton A = (S, sg, T, ()), there exists a Miiller
automaton B such that L(A) = L(B)

Let 2 = {<N1,P1>, ceey <Nk,Pk>}

Let A; = (S, s9,T, P;), and B; = (S, s9,T, N;).

£(4) = |J (£ n 22\ £(B))



From Rabin to Miiller (2)

Given a Rabin automaton A = (S, sg, T, {)), such that
Q={(Ny,Pr1),....,(Ng, P}
let B = (S,sg,T,F) be the Miiller automaton, where

F={FCS|FNN;=0and FNPE, #( for some 1 <i <k}



From Muller to Rabin

Given a Miiller automaton A = (S| sg, T, F), there exists a Rabin
automaton B such that L(A) = L(B)

Letf:{Qla"'?Qk}

Let B = (5", sy, 1",Q) where:
o &/ =991 x .. x2Q x §
o 56: <(Z),...,@,80>



From Muller to Rabin

o T'((S1,...,5k,s),a) =(5],...,95),s") where:
— ' =T(s,a)
- SI=0ifS;=Q;, 1 <i<k
- SI=(SuU{s})NQ@;1<i<k

® Pi:{<S1,...,SZ',...,Sk,S>’SiZQi},léiSk

o Ni={(S1,.. iy Shys) | s € Qi}, 1< i <k



The Big Picture

-

NBA
T I
McNaughton
DBA




Exercise

Let A= (S,s0,T,{Q1,...,Q:}) be a Miiller automaton. Consider the
Rabin automaton A’ = (S, sg, T, §2) where

() = {(S\Q17Q1)7“°7<S\Qt7Qt)}
Give an example of A such that L£(A) # L(A").



