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Introduction

Standard sequential program logics are insufficient for reasoning
about nonterminating program runs

We extend a dynamic logic with new modalities to talk about
resumptions, a pair of intermediate state and residual program
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Expressions in DL

The logic consists of expressions of a two sorts
@ programs (a, B, v, o)
@ formulas (o, ¥, ...)
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Syntax of programs

We work with non-deterministic and parallel While language and
extend it with a special cont; statement

Program p :=
X = a
skip
pip'
pllp
if b then p; else pr
while b do p

cont;
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Syntax of formulas

We introduce two new modalities for reasoning about resumptions

eVY oA |l = |0]1
o | lple | (phe | [Py
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{(p1))(p2){conto)e

p1©1’ ——0
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Example 2

[p1]{p2))(cont;)[conto]e

3

P1 ©

P2 ©
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Semantics

(S,0) —¢s (07) : states that running S under continuation stack cs
from initial state o terminate in the final state o’

(S,0) = (S§',0’) : states that running S under continuation
stack cs from initial state o reaches an intermediate state o with

residual program S’
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Natural semantics for While 4+ cont

skip

(x=2,0) e (ol = [alo]) * (skip,0) —es (0)

(S1,0) =es (0" (S3,0") = (S3,0")

2
(51:52,0) s (0”) o
[b]o = true (Si,0) — (0') ” [b]o = false (S,,0) —e (o) -
(if b then S; else S, 0) — (o) " (if b then Sy else S, 0) —¢ (o) :

[b]o =true (S,0) —c (0') (while bdo S,0") = (o)
(while bdo S,0) = (o)

whilet

[b]o = false ior
(while bdo S, o) —res (o) "¢
(csli], o) —res (o)
cont

{cont;, o) —cs (0')
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Natural semantics for intermediate states excl. final state

(5,0) = (S,0) init  for ass, if, while

(S1,0) = (S1,07)
(51;52,0) = (S1; S2,07)
(51,0) = (o) (S2,0") = (S, 0")
(51;55,0) = (S',0")
[b]lo =true (S1,0) = (Si,0") [b]lo =false (S2,0) = (S5,07)
(if b then S; else S;,0) = (S1,07) ift (if b then S; else S;,0) = (S3,07) ift
[b]o =true (S,0) = (S',07)
(while bdo S,0) = (S’;while bdo S,0’)
[b]c = true (S,0) = (0’) (while bdo S,0’) = (S',07)
(while bdo S,0) = (S',0")
(csli], o) = (S, 07)

(cont;, o) = (S, 0")

compl

comp?2

whilel

while2

cont
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Final state natural semantics for parallelism

(S1,0) = (S1,0")  (Si[|S2,0") =es (o)
(511152, 0) —ves (0”)
(52,0) = (S5,0")  (S1]]S3,0") —es ()
(51]152,0) —ves (0”)
(51,0) = (") (S2,0") —es (o)
(51]152,0) —ves (0”)
($2,0) =es {0')  (51,0") —es (o)
(511152, 0) —res (0”)

fparal

fpara2

fpara3

fparad
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Intermediate state natural semantics for parallelism

(S1,0) = (S1,0')  (S51]|S2,0") = (S,0")
(51]|52,0) =cs (S,0")
(S2,0) = (S5,0")  (S1]]53,0") = (S,0")
(51]|52,0) =cs (S,0")
(51,0) = (0" (S2,0") = (S,0")
(51]|52,0) = (S,0")
(S2,0) =es (o) (S1,0") = (S,0")
(51]|52,0) =cs (S,0")

iparal

ipara2

ipara3

ipara4
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Semantics for modalities

@ g« (S)y —
for some 0’ s.t. S,0 —e 0’ we have 0’ =c ¢
o ok (She =
for some S, 0’ s.t. S,0 =« S',0" we have 0’ =si.s
® 0l [Slp =
for all o' s.it. S,0 —¢ o’ we have 0’ =os
0 0[Sl =
forall S’,0’ st. S,0 = S',0’ we have 0/ |=sr.s
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Substitutions

cont;[S/cont]] =S
cont;[S/cont;] = cont;, i #j
x = a[S/contj] = x ;= a
skip[S/cont;] = skip
(§';5")[S/cont;] = S'[S/cont;]; S”'[S/cont;]
if b then S’ else S”"[S/cont;] = if b then S'[S/cont;] else S"'[S/cont;]
while b do S'[S/cont;] = while b do S'[S/cont;]

(¢ A )[S/conti] = p[S/cont;] A [S/cont;]

(¢ V 9)[S/conti] = p[S/cont;] V [S/cont;]
(§"Yp[S/cont;] = (S'[S/cont;])¢[S/cont;]
[S']¢[S/cont;] = [S'[S/cont;]]¢[S/cont;]

(5") 1S /conti] = (S'[S [cont,])elS™ /conty.i]
[S'T¢[S/cont;] = [S'[S/cont;]|¢[S™/cont; 1]

where S“P replaces every occurence of cont; with cont;y;.
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Substitution

Substitution property

o ’:CS @[S/cont,-] <~ O ):cs[i¢—>5] ¥

where the notation cs[i — 5] replaces the i-th element in cs by S
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[S]{conty)p — should converge
Property: [S]{contg)p = (S)¢p

{(S)[contolp — "lucky” intermediate state
Property: [S]e = (S)[contg]e
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Axioms

(x:=a)p <+ yla/x]
[x:=alp <<= ¢la/]
(skip)p <= ¢
[skiplp = ¢
($;S)p = (S)S)¢
[S:Slp = [S]IS]p

((x:=ahep
[x = ale
(skip)) ¢
[skip]
(S: 5" he

[5:5Te

[ A

2
'
false

true

{(S)([contg; S’ /conto))
V(S)(She
[S](w[conty; S’ /conty))
N[S][STe

Boriss Shelajev joint work with Keiko Nakata and Tarmo Uustalu

Scaling Dynamic Logic for Intermediate states



(if b then S; else S < b — (S1)e A—-b— (S)e
<If b then S; else 52(p> <~ b— <51>g0 A—b— <52>(,0

[if b then S; else Sy < b — [Si]e A —b = [S2]e
[if bthen S; else Syl < b — [Si]p A —b — [So]e

{while bdo S)¢ = b — {(S; while bdo S)o A —b — ¢
(while bdo S)p = b — (S; while bdo S)p A —b — ¢

[while b do S]¢ = b — [S; while bdo SJp A —=b — ¢
[while b do S]¢ = b — [S; while bdo SJp A =b — ¢
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Axioms for parallelism

(S1]1S2)p = (S1)(S2)9 V (S1))(conto|S,”)p PV
(S2)(S1)¢ V (S2)) (contol[ ;)

[S1]|S2le <= [Si][S2] A [S1][conto|[S;7 ] P A
[S2][S1]e A [S2][eontol|S; 7]

(S1l[S2he == (S1)(S2he V (S1)) ((conto|[S;7) PV
(S2)(S1he V (S2)) {(conto|[ S 7 )P

[Sil[S2]e <= [Si][S2] A [S1][contol[Sy 7] P A
[S2][S1] A [S2] [conto|[S; 7]
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